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Introduction 

Potential theory has been introduced in one-dimensional rational dynamics by Brolin and 
Tortrat ([1], j3U]) but it does not play a central role there. In higher dimension how- 
ever, as the classical tools are not any longer efficient, pluri-potential theory has revealed 
itself to be essential. The fundamental works of Hubbard-Papadopol, Fornaess-Sibony, 
Briend-Duval, Bedford-Smillie (see [2ZJ for precise references) enlighten the remarkable ef- 
fectiveness of pluri-potential theory in holomorphic dynamics on P fc or C k . It is therefore 
tempting to study the parameter spaces in a similar way. More precisely, one would like 
to relate the bifurcations of a holomorphic family {f\}\^x °f endomorphisms of P fc to the 
powers of a certain current on the parameter space X. 

Let us recall that in dimension k = 1, a bifurcation is said to occur at some point Ao £ X if 
the Julia set of f\ does not move continuously around Ao- The famous work of Mahe-Sad- 
Sullivan [I^], which is based on the A-lemma and the Fatou-Cremer-Sullivan classification, 
relates the bifurcations with the instability of the critical orbits. It also asserts that the bi- 
furcations concentrate on the complement of an open dense subset of X (for the quadratic 
family {z 2 + \}\£x=c the bifurcation locus is precisely the boundary of the Mandelbrot 
set). 

A seminal idea towards the application of potential theory to the study of bifurcations 
is due to Przytycki, who raised the following problem in the final remarks of his paper. 
Problem \2H\j : understand the connections between Lyapunov characteristic exponents and 
potential theory for rational mappings. 

To support his point of view, Przytycki also analysed the following formula for a polynomial 
p of degree d on C (see also [T5]): 



where L(p) is the Lyapunov exponent of p with respect to its equilibrium measure, G p its 
Green function and Cj are the critical points of p. More recently, DeMarco (jSj, [HI) has 
obtained a generalization of this formula to rational maps of P 1 . She also used her formula 
to show that, for a holomorphic family {f\}\ex > the current dd c L(f\) is supported by the 
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bifurcation locus. 

The results of the present paper deal with Przytycki problem. Our first goal is to show 
that dd c L(fx) is a reasonable bifurcation current in any dimension. To this purpose, we 
prove the following theorem in Section |^1 

Theorem 12.21 Given a holomorphic family {/a}agx °f endomorphisms of P k , the func- 
tion L{f\), defined as the sum of Lyapunov exponents of f\ for its Green measure, is 
pluriharmonic on X if the repulsive cycles of f\ move holomorphically on X. 

Let us mention here that all what we need to know about L in the paper is that 
L(F) = J C k+i log \detF'\fi F where F is a lift of / and fi F is its Green measure. 
With the goal of analysing the support of dd c L{f\) and its powers, we then generalize 
formula (|U.1|) to endomorphisms of P fc . This is done in a very natural way by using an 
integration by part formula on a suitable line bundle. We obtain the following 

Formula (see Theorem IOV L(f) = J2j=o I P k 9F (dd c g F + u) j A c^'" 1 A [C/]- 

k 

-\ogd+ / \og\\J F \\QUj k - (k + l)(d - 1) / g F (dd c g F + Lu) j Auj k ~ j . 
Jpk j^o Jpk 

For a holomorphic family {/a}agx ; the above formula allows us to compute the bifur- 
cation current dd c L(f\). We get the following synthetic statement: 

Theorem (see Corollary I4.6|) 

dd c L(f x ) = p,({dd c g Fx + u;) k A [C x ]), (0.2) 

and on X x P k 

{dd c g Fx + uj) k+1 = 0. (0.3) 

In these formulas the operator dd c is acting on X x P fc , p is the canonical projection from 
X x P k to X, g Fx is the Green function of f\ on P k associated to the lift F\ and Cx is 
the hypersurface of X x P fc defined by the equation detF^(z) = . 

It is worth emphasize that there is a certain interaction between formulas (|().2|) and 
()0.3|) . this may be seen in the example in Subsection 17.21 and in the Appendix (see formula 
(|7.4)0 . Moreover, formula 1)0.3(1 is formally equivalent to the equation of geodesies on the 
space of Kahler metrics on P fc ; this leads to some examples of such geodesies, as discussed 
in Subsection 17.11 These results are established in Section but we treat the case of 
dimension k = 1 separately in Section |21 since it is technically less involved and may help 
the reader to a better understanding. Let us also stress that in the one-dimensional case 
we get several explicit formulas for L(f) (see Theorem 13. 1(1 . Moreover, our approach offers 
a much simpler proof of DeMarco's formula. The equivalence between DeMarco's formula 
and ours is a consequence of the following identity which may be of independent interest 
(see Proposition 14.9(1 : 

J i g F <J*f+u) = ^(log \Res(F)\-l). 

Sections 5 and 6 are devoted to the study of bifurcations for holomorphic families 
{f\}\ex of rational maps of P 1 . For a holomorphic family {/a}agX of endomorphisms 
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of P we obtain a geometrical description of the support of the bifurcation currents 
(dd c L(fx)) p by means of certain complex hypersurfaces. 

For 6 G R \ Z, the set of all A E X such that f\ has a periodic point of period n and 
multiplier e 2lnS is generically a complex hypersurface of X, denoted by Per(X, n, e 2md ). 
Therefore, for n fixed , {J s Per(X,n,e 2tnS ) can be thought as a real hypersurface foliated 
by complex hypersurfaces. The union Z\{X) of all these hypersurfaces is dense in the 
support of the the bifurcation current dd c L(f\): 

Theorem Z X {X) = Snpp (dd c L(f x )) . 

We included this geometrical characterization of the bifurcation locus in the statement 
of Theorem 15.21 which may be interpreted as treating a substantial part of Mahe-Sad- 
Sullivan theory by potential-theoretic methods. The proof exploits the links between the 
vanishing of dd c L, the motion of repulsive cycles and the stability of critical orbits. We 
point out that these links are revealed by formula (|U.2j) and the above quoted Theorem 

E2 

For the powers of dd c L(f\) the geometry is more involved. Taking all possible intersec- 
tions between p of the above complex hypersurfaces one gets a large family of codimension 
p subvarieties of X; the union of this family, denoted by Z p (X), satisfies: 

Theorem EU For any 1 < p < dim c X, Supp({dd c L{f x ) p ) C Z p (X). 

These results have some significant consequences considering the family Ti^P 1 ) of all the 
rational maps of degree d. First of all one may show that: 

Proposition 16.51 For 1 < p < 2d + 1 the bifurcation current {dd c L) v has finite mass on 
H d {P l ). 

This implies that (dd c L) 2d ~ 2 induces a measure \x of finite mass on the moduli space A4 d 
of rational maps of degree d. We call it the bifurcation measure and show that its support 
contains all isolated Lattes maps. Using our description of Supp((dd c L) p ^) we also obtain 
the following fact: 

Proposition RTBl Anv open set of Aid intersecting the support of the bifurcation measure 
contains an uncountable set of chaotic mappings. 

As a by-product of our investigation one sees that any non flexible Lattes map is generating 
quite complicated bifurcations. 

1 Preliminaries 

In all the paper uj denotes the Fubini-Study form in P fc and let 1 1 1 1 be the Hermitian norm 
in C k+1 . 

1.1 The spaces H d (C k+1 ) and H d (P k ) 

Every holomorphic endomorphism / of P fc has a lift F : C k+1 — > C k+1 , that is: a homoge- 
neous, non-degenerate, polynomial map such that it o F = / o jr, where 
C fc+1 \ {0} ^> P k is the canonical projection. The degree d of F is, by definition, the 
algebraic degree of /, while d k is the topological degree of /. 
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In the following it will always be assumed that d > 2. 

Since a homogeneous polynomial of degree d in k + 1 variables depends on 
coefficients, such a lift i 7 = (i 7 ^, • • • , F k ) can be identified with an element of C N+1 , where 
N = (k + l)^r - 1- With this identification, the space of all homogeneous, non- 
degenerate, polynomial maps of degree d on C fc+1 is an open subset of C N+1 which we 
denote by H d (C k+1 ). Denoting again by C^ 1 \ {0} — > P N the canonical projection, we 
get tt(F) = f and that Ti(Ttd(C k+1 )) is the space of all holomorphic endomorphisms of P fc 
of degree d , which we denote by 7id(P k ). 

The following Proposition shows that the complement of Hd(C k+1 ) in C N+1 is an 
irreducible complex hypersurface = {Res = 0}. Thus the projective hypersurface 

'■= 7r(^d) is the complement of Hd(P k ) in P^. 

Proposition 1.1 Let Fo, . . . ,F k , be homogeneous polynomials of degree d, ink + 1 com- 
plex variables. There exists a unique polynomial Res(Fo, . . . , F^) in the coefficients of 
Fo, . . . , Fk, which is homogeneous of degree (k + l)d k , irreducible, and such that 

(i) Res(F Q , ... ,F k ) = if and only if F = (F , ... ,F k ) : C k+1 -> C k+1 is degenerate, 

(ii) Res(z i ,...,zi) = l. 
Proof. See [El p. 427 and p. 105. 



1.2 Green functions 

To any F G Tid(C k+1 ) it is associated a Green function Gf defined by 

G F :=limd-" log||F™(z)||. 

n 

Let us stress that Gf is the limit of a sequence {Gf,u} of p.s.h. and continuous functions on 
H d {C k+1 ) x (C fc+1 \ {0}). The following Proposition summarizes the regularity properties 
of Gf(z). The only novelty here is the Holder-continuity in F. 

Proposition 1.2 i) For any compact subset K, of7id(C k+1 ), the sequence Gf,u{ z ) con- 
verges uniformly to Gf(z) on /Cx (C fc+1 \{0}). In particular Gf{z) is p.s.h and continuous 
on TLd(C k+1 ) x (C fe+1 \ {0}). It satisfies the following homogeneity property: 

G F (tz) = log \t\ + G F (z); Vt G C*, Vz G C k+1 

and the functional equation 

G F oF = dG F - (1.1) 

In the definition of Gf, the norm \\ \\ may be replaced by any continuous gauge function. 

ii) The function Gp{z) is Holder- continuous on every compact subset ofHd(C k+1 ) x 
(C fc+1 \{0}). 

Proof, i) Let N be any continuous gauge function on C k+1 . Let K, be a compact subset of 
7id(C k+1 ) and C > 1 be a constant such that 

- < JV (F{z)) <C; VF G £,V* G {N = 1}. 
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Then, by homogeneity we have: 
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T N(z) d " < N(F n (z)) < C 1+ - +dn N{z) dn ; VF G /C,V,z G C k+l \ {0},Vn G N. 



(Jl+...+d n 

(1.2) 

After replacing z by F m (z), taking log and dividing by d n+m , (jl.2fl gives: 

\G F , n+m (z) - G F;n {z)\ < dm ^_ l} ; VF £ JC,\/z £ C k+1 \ {0}. 

ii) The Holder continuity in z has been established by Briend-Duval ([H])- Inspecting the 
proof and taking into account the continuity of G F {z) in (F, z), it is not hard to see that 
the constants might be chosen uniformly in F (see [2Zj Theoreme 1.7.1 and Remarque 
1.7.2). More precisely, for any compact K, x K C Hd{C k+1 ) x (C fc+1 \ {0}) there are 
constants C > and < a < 1 such that: 

\G F (z) - G F (z')\ <C\\z- z'\\ a ; VF G /C, Vz, z' G K. 

We will show how this property may be transferred to F. We may assume that {G F = 
0} C K for every F G K,. Let us pick F, Fq £ fC and consider the gauge function No := 
e Gp o. By the Holder-continuity of G Fo we have 

\G Fo (F(z)) - G Fo (F (z)) | < C x \\F{z) - F (z)|| a < C 2 \\F - F \\ a ; Vz G K. 

When z G {No = 1} this inequality becomes ^ < iVo (F(z)) < Co where Co := 
e c 2 \\F-F \\ a _ Jugt like for this implies 

' -No(z) d " < N {F n {z)) < Cl + - +dn ^No{z) dn -yF G K,Vz G C fc+1 \{0},Vn G N. 



r i+...+d 



Taking log, dividing by d n and making n — > oo, this yields (as G F = lim n <i n iVo (F n (z))): 
\G F {z) - G Fo (z)\ <^\\F- F P; Vz G (C fc+1 \ {0}). 

□ 

The Green function G F induces a continuous, uj-p.s.h function g F on 7id(P k ) x P fe 
which will also be called a Green function of F: 

g F o ir := G F - log || || . (1.3) 

Remark 1.3 It is straightforward to check that g F (ir(z)) < ^j-, where 
M := sup||^|| =1 ||F(z)||. In particular for every compact subset JC C C^ 1 = Hd{C k+1 ) U 
^d, g F is bounded from above on (/C H 7id(C k+1 )) x P k . 



5 



1.3 Green currents and measures 

Let / G H d (P k ) and F G H d {C k+1 ) be a lift of /. One defines a closed, positive (1, 1)- 
current Tf on P fc by setting: 

T f := dd c g F + u. (1.4) 

As 1)1.3)1 shows, this current may equivalently be defined by n*Tf = dd c GF- Since 
9aF = gzi l°g l a l + this current does not depend on the choice of the lift F and will 
be called the Green current of /. The functional equation 1)1. lj) implies that: 

f*T f = dT f . (1.5) 
The Green measure [if of / is defined by 

A*/ := (Tf)" ■ 

It is a probability measure with respect to which / has constant Jacobian: /*/// = d k /if. 
It follows that /if is /-invariant = A*/) an d /-ergodic. 

It will also be useful to consider the probability measures m and //p defined on C fc+1 

by: 

m := (cM c log+ || ||) fc+1 hf ■= (dd c G+) h+1 ; 

these measures are respectively supported by {|| || = 1} and {Gf = 0}; they are related 
to uj k and \if by: 

ir^m = uj k n*fJ,F = fJ-f- 

1.4 Lyapunov exponents 

Let / G W d (P fc ) and F G W d (C fc+1 ) a lift of /. We shall denote by L(F) the sum of 
Lyapunov exponents of F with respect to [if and by L(f) the sum of Lyapunov exponents 
of / with respect to fit. The following facts hold: 

(i) L(F) = f ck+1 log | detF'\fi F ; 

(ii) L(F) = L(f) + log d (see (H); 

(iii) L(F n ) = nL(F), for all n G N* (use (i) and f*fx f = fi f ); 

(iv) L(f) is p.s.h. on "Hd(C fc+1 ), as it has been proved in the larger setting of polynomial 
like mappings (see [TU] 1 ). 

1.5 Green metric on Opk(D) 

Let D G N*. The line bundle Opk(D) over P fc is conveniently seen as the quotient of 
(C fc+1 \ {0}) x C by the relation (z,x) = (uz,u D x) for all u G C*, denoting its elements 
by [z, x]. The canonical metric on O-pk(D) may be expressed by: 

[IMIo :=e- Dlo ^\x\. 
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The homogeneity of Gp allows us to associate to any F G Ttd(C k+1 ) a Green metric 
defined on Opk (D) by: 

\\[z,x]\\ Gp :=e- DG ^\x\. 

The main interest of endowing Opk(D) with such a metric is to produce a very useful 
formula for L(F). To this purpose we will denote by Jp the holomorphic section induced 
by detF' on O pk (D) for D = (k + l)(d - 1): 

J f ott =[z,detF'(z)}; Vz G C fc+1 . 

Then we have the following lemma: 

Lemma 1.4 Let F G Tt d (P k ) and D = (k + - 1). Lei us endow P k(D) with the 
canonical and the Green metrics. Then the following identities occur: 

1) L(F) = f ck+1 log \detF'\ fj, F = f pk log || Jf\\g f fJ-f 

2) J C h+i log\detF'\ m = f pk log || J F \\ to k . 

Proof. 1) As Gp identically vanishes on the support of ^f, we have J C k+i log \detF'\ fip = 
f C k+i log (e~ DGp \detF'\) [ip = f ck +i log || Jfo7t||^f and the conclusion follows from n^fip = 

2) We proceed in the same way, using the fact that log + || || identically vanishes on the 
support of m and ir^m = oj k . O 



2 A current detecting the holomorphic motion of repulsive 
cycles 

Let {/a}agx be a holomorphic family of endomorphisms of P fe parametrized by a complex 
manifold X. The p.s.h. function L(X) = L(f\) given by the sum of Lyapunov exponents 
of /a, provides a closed, positive (1, l)-current dd c L on X. In this section, we will show 
that dd c L vanishes if the repulsive cycles of f\ move holomorphically. Let us precisely 
state what we mean by this holomorphic motion. 

Definition 2.1 The repulsive cycles of period n of {/a}agx niove holomorphically over 
an open subset U of X if and only if there exists a collection of holomorphic mappings 
a n j : U — > P k such that, for any A G U, the set of n-repulsive cycles is given by {a n j(X)}. 

In dimension k = 1, it is well known that the Julia set of fx depends continuously on A G 
U if and only if the repulsive cycles of sufficiently high order of f\ move holomorphically 
on U (see |19| . Theorem 4.2). 

Although such a phenomenon is far from being clear in higher dimension, we would like 
to motivate the study of dd c L as a bifurcation current by the following result: 

Theorem 2.2 Let (/a)a(=x ^ e a holomorphic family of endomorphisms ofP k with alge- 
braic degree d. If all repulsive cycles of fx of period n > uq move holomorphically on some 
open subset U of X then the sum L(f\) of Lyapunov exponents of fx is pluriharmonic on 
U. 
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Proof. We may assume that U is a small ball on which {/a}agc/ lifts to some holomorphic 
family {-FaIagc/- Then it is not hard to see that the set of n-repulsive cycles of F\ is given 
by {a n j(A);A E U} where the maps a n j : U — > C fc+1 are holomorphic. The number of 
elements of (a n j(A); A G [/} does not depend on A and will be denoted by N n . 
By a theorem of Briend-Duval (see Theorem 2), the Green measure fip x of F\ is the 
weak limit of a sequence of discrete measures: 

TT^An.^A) = : V>F x ,n -> M-F\- 
-< v n 

It is therefore natural to consider the sequence of pluriharmonic functions 

L n (A) := / log \detF' x \ fj, Fx , n = TT^j log \detF' x (a n j(X)) \ 

and to compare it with L(X) := J ck +i log \detF' x \ [ip^ = L (f x ) + logd 
However, as the function log \detF' x \ is unbounded, this comparison is not immediate. As 
we shall see, the fact that the measures it^hfx have local a-H61der potentials is essential 
to overcome this difficulty 

Let us now enter into details and, to this purpose, fix a few notations. The Green 
function of F x will be denoted by G x and for any e > we set 

W x , £ :={G x = 0}n{\detF> x \ < e}. 

We shall call d n j(X) the holomorphic function detF' x (a nj (A)) and introduce the following 
sequence of discrete measures: 

£n,A := TpX)log|d n)i (A)|(5 0ni(A) . 

- iv n 

J 

Since G x oF x = d n G x , the Fj^-fixed points a n j(X) belong to {G x = 0} and thus, according 
to our notations, we have 

L n (X) = £ n ,x(C k+1 ) = £ n , A (W Xi£ ) + £ n , A {WQ . (2.1) 

We now fix Ao G U, a unit vector zq G \ {0} and p > such that uq := Ao + pe ie zq 
belongs to U for every S £ R. Since the functions L n (X) are pluriharmonic on U, the 
identity (|2,lj) may be rewritten as 

Ln(x ) = ^ jf** £„, ttfl {w c u J de + ±- c n , ue (w ue , e ) de. (2.2) 

Since the function L is p.s.h. (see Subsection II, 4[) , we simply have to deduce from 
(t2~2l that i / L{u g )d0 < L(A ). This will require the following lemmas. 

Lemma 2.3 There exists an universal function M :]0,£o] ~~ ^0,1] which tends to at 
and such that ^ f^£ n ,u e (W U0)£ )d6 > £ n , Xo (W Xo;M ^) for every n G N and every 
< e < e . 
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Lemma 2.4 lim e ^ (Ji m y^\ £ jj = f or ever V X £ X. 

Using Lemma 12.31 and the identities (|2.1|) , (|2.2j) we get 

i- j** C n , U6 (W^ £ ) dO = L n (A ) - ± £ n , ue (W ue , £ ) dd 



< L„(A ) - £ nM {W X(hM (e)) - ^n,A (^A 0) Af(e) 



then, by Fatou's theorem we have 

2^ l lim n inf Cn > U ° ( W ^) d0 ~ lim n inf Cn ^ { W LM(e) J ■ 

Thus, as lim e _+o M(e) = 0, the inequality ^ fn* L(ug)d6 < L(Xq) immediately follows 
from Lemma 12.41 when e — > 0. This ends the proof of Theorem 12.21 O 

Proof of lemma 12.31 we shall use the following fact which is a direct consequence of Mon- 
tel's theorem and Hurwitz lemma. 

Fact: Let < p < r < R and S £ := {<p G 0(A r , A* R );mf\ z \ =p \(p(z)\ = e}. Let 
M(e) := sup^g^ sup| 2 | <p \<p(z)\ . Then \\m. £ ^M(e) = and in particular M[e) < 1 
for < e < Eo . 

Let us observe that the functions d n j(X) are uniformly locally bounded. This follows 
from the continuity of G\(z) and the previous observation that {a n ,j(X)} C {G\ = 0}. 
According to our notations we have 



2 ~ J Q d0 J w Cn < u <> = Jj~Yl^ J Q lo S\ d n,j(u e )\l { \ dnj \< E} (u e )de (2.3) 



where Ti'- indicates that we only consider the terms for which infg \ d n j(ug)\ < e. By the 
Fact, all these terms satisfy \d n> j(ug)\ < M(e) < 1 for e < eo and \ug — Ao| < p- In 
particular, ± f Q 27T log\d nd (u e )\l { \ dnj \< £} (u e )d9 > ± / Q 27r log \d ntj (u e )\d6 = log \d n j(X )\. 
Thus C31 yields 



1 f 1 . 

^ ^ Cn,u 6 {Wu e ,e)d6 > — ^log \d n>j (X )\. 

Finally, as |<i n j(Ao)| < M(e) < 1 for all terms in E^-, we have 

1 ' 1 

— ^log|d nj (A )| > — J^log|(i nj (Ao)|l{|d nj |<M( E )}(Ao) = C nM {W X(hM (e)) 

J "n -<*n 

and the conclusion follows. O 
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Proof of lemma 12.41 Let us denote by log e x an increasing smooth function on [0, +oo[ 
such that log e x > 2 log e for < x < e < 1 and log e x = log x for x > e. Then 



< C n , x {WQ - [ log e \detF^ Fx>n < -2(log e ) m , n {{\detF f x \ < e}) . (2.4) 

There are constants a, A > such that {|cteiF(| < s} C 7r (Vae^C/jJ) where Vt(C/ A ) 
denotes a i-neighbourhood of Cj x . Since /i^ := it+hf x has (local) a-H61der continuous 
potential we have (VAe a (Cf x )) < est e aa (see the proof of Theorem 1.7.3 in $T\). Thus, 
for n big enough, 

fi Fx ,n {{\detF' x \ < £}) < 2 MFa ({\detF' x \ < 2e}) < est e aa . (2.5) 
From (|TH) and ((23)) we get 

< liminf C n \ (WJ e ) - / log £ \detF x \/j Fx < -est e aa loge 

n ' ' Jc.k+1 

and the conclusion follows by making e — > 0. O 



3 Formulas for the Lyapunov exponent of a rational func- 
tion 

In this section we establish some formulas which relate the Lyapunov exponent to the 
critical points of a rational function. 

Theorem 3.1 Let f be a rational function of degree d and F be one of its lifts to C 2 . 
The Lyapunov exponent L(f) of f is given by one of the following formulas: 

(i) L(f) + log d= / pl 9F[Cf] - 2(d- 1) / pl g F (n f + u) + / pl log ||Jf||ow. 

(ii) L{f) + \ogd = J pl g F [C f } -2(d-l)J pl g F (ji f + u) + J c2 log \detF'\m. 
(Hi) If c~i,...,c~2d-2 are chosen such that detF'(z) = U^^L[ 2 Cj A z one has: 

L(f) + log d = EjG F (£,-) - (d - 1) (1 + 2 J pl g F (jjL f + u)). 

Proof. Let us start with the first formula. We know that L{f) + logd = L(F). We shall 
use the formalism introduced in the Subsection 11.51 By the first assertion of Lemma ll. 41 
and the definition of fj,f we have 

L(F) = / log \\J F \\ G F = / log || J F || G F dd°g F + I log || J f \\ Gf u. (3.1) 
Jpi Jpi Jpi 

After an integration by parts (see next section for a careful justification) the identity (|3.1jl 
yields 

L(F)= f g F dd c log\\J F \\ GF + [ log\\J F \\ GF uj. (3.2) 
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Using the Poincare-Lelong equation dd c \og \\Jf\\g f = ~~ (2d — 2) (if + [Cf], (|3.2|) becomes: 

L(F)= I g F [C f ]- (2d -2) I g Fi if + / log ||J f || Gf u;. (3.3) 

After observing that || • \\g f = e~( 2d ~ 2 ^ 9F \\ ■ ||o we may rewrite the last integral in (|3.3|) as: 
J" pl log || JfHou; — (2d — 2) J* pl gpuj and this gives our first formula. 

In order to establish the second formula, we simply transform the first one by using 
the second assertion of Lemma ll.4l 

Let us finally prove the third formula. Picking Uj G U(2, C) such that Uj l (cj) = 
(||cj||,0) we have UjZ Adj = —Z2\\cj\\. Since J c2 log \z2\m = — i, we get J c2 log \detF'\m = 
T,j f C 2 log \UjZ A Cj\m = Uj log ||£j|| — (d — 1). 

On the other hand, J pl gp[Cf] = T,jgp o ir(dj) = SjG^(cj) — Ej log ||(cj)||. It then suffices 
to replace these identities in the second formula. O 

The usefulness of our formulas consists in the fact that the function 
B(F) := f pl g F (fif + u>) is pluriharmonic. This important property is easy to check 
by considering the formulas for both / and f 2 . Indeed, since L(f 2 ) = 2L(f), Gpi = Gp 
and (consequently) B(F 2 ) = B(F) one immediately obtains a pluriharmonic expression 
for B(F) by comparison. 

Theorem 3.2 The function B(F) := J pl gp ([if +u) is pluriharmonic on TLd (C 2 ). 

Using the third formula of Theorem 13. H and Theorem l3.2l we get the following corollary, 
previously obtained by DeMarco (see jH]). It allows to relate the pluriharmonicity of L(F) 
with the stability of the dynamic of critical points. As we shall see in Section^ this is a key 
point when approaching the Mahe-Sad-Sullivan theory via potential-theoretic methods. 

Corollary 3.3 Let {/a}agx ^ e a holomorphic family of rational maps of degree d. Then 
dd c L(f x ) = dd c J2?=i 2 Gp(cj). 

Using Proposition II . 21 (ii) . one also reads on the third formula of Theorem 13 . 1 1 that the 
Lyapunov exponent L(F) is an Holder-continuous function in F . The continuity was first 
proved by Mane |17j . 

Corollary 3.4 The function L(F) is p.s.h. and Holder- continuous on TLd (C 2 ). 

Proof of theorem 13.21 We may consider a local holomorphic parametrization A ^ F\ of 
TLd (C 2 ) defined on some open subset U of C 2rf+2 . We shall denote by fx the induced 
map on P 1 and set B(X) := B (F\). There exists an analytic subset A of U such that, for 
any AG U\A, the critical points of fx consist in 2d — 2 distinct, regular values of fx- As 
the function B(F) is locally bounded, it suffices to show that it is pluriharmonic on any 
sufficiently small ball contained in XJ \ A. 

On such a ball B, there are 2d — 2 holomorphic maps dj such that 

detF'x = II 2 !^ 2 Cj(X)Az. 
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Moreover, for each 1 < j < 2d— 2, there are d holomorphic maps iijj such that F\ocj ! i(X) = 
Cj{\) and therefore: 

detif = h(X) (lifj 2 nf =1 Qj'(A) A z) (n 2 !" 2 Cj(A) A z) 

where /i is a non- vanishing holomorphic function on B. Let N denote the degree of detF 2 ' , 
after setting c& j = h^Bj^ and c£ = ft.Jv'Cj we get 

cfetf? = (n|if nf =1 c-j(A) a *) (n 2 ^ 2 ^(a) a ,) . 

We are now in order to use the third formula of Theorem 13.11 for f 2 . S 
Hp = n f and B (F 2 ) =B(F), it yields: 

L (f 2 ) + logd 2 + (d 2 - 1) (2B (F\) + 1) = T.fj^tiGF (c^(A)) + S 2 lf G F @(A)) 

= log |/i(A)| + S 2 ^ 2 Sf =1 G F (c^A)) + T.fjiGp (c,-(A)) 

= log |fc(A)| + S 2 l- 2 isf =1 G F o F (^(A)) + S 2 1- 2 G F (c,(A)) 

= log|/ l (A)|+2S 2 i- 2 G F (c,(A)). 

On the other hand, for fx, the same formula gives: 

L (f 2 ) + logo! 2 = 2 (L (fx) + logd) = 2Z 2d =1 2 G F (c,-(A)) - 2(d - 1) (2B (Fx) + 1) . 
By comparison we thus obtain 2B(\) + 1 = n~Tp 1^(^)1- n 

Remark 3.5 By using its pluriharmonicity, one may show that the function B(F) is given 
by B(F) = gTgz^n 1°S l-^ es (-^)l ~~ 2" This gives again DeMarco's formula ([S] Corollary 1.6) 
and will be proved in Proposition 14.91 in arbitrary dimension. 

4 A formula for the sum of Lyapunov exponents of holo- 
morphic endomorphisms of P fc 

Our aim here is to generalize the results of the previous section to endomorphisms of P k . 
We first establish a formula which relates the sum of the Lyapunov exponents L(f) with 
the Green current and the current of integration on the critical set. This extends Theorem 
13.11 (i). We then generalize Theorem 13 . 21 and . in particular, obtain an intrinsic expression 
for dd c L. 

Theorem 4.1 Let f be a holomorphic endomorphism ofP k of algebraic degree d>2. Let 
F be one of the lifts of f to C k+1 and Tf = dd c gF + u> be the Green current of f . Then 
the sum of the Lyapunov exponents L(f) of f is given by: 

L(f) + \ogd = L(F) = H(F) - (k + l)(d - l)B(F) (4.1) 
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where 

k-l 



3=0 

and 



H(F) := V f g F T) A^" 1 A [C f ] + / log || J F \\ J 



(4.2) 



3=0 

Proof. According to Lemma ll .41 we have 



B(F) :=J2 I ///' ^ - J - (4-3) 

a— n J P fc 



L(/)+logd= / log||J F || G T f fe . 
Let us start by showing that 

fc-i „ 

L{f) + \ogd = Y^ / log||J>|| G dcf# F ATj Aw H ' _1 + 



i=0' 



+ / log||J F || G uA (4.4) 

To this purpose we first note that each term in the above sum is finite (this follows 
immediately from the Chern-Levine-Nirenberg inequalities) and then we observe that: 

fc-l fc-l 
dd c g F A(Y J Tj/\ LO k - j - r ) = {T f -cu)A(Y J Tj A u k ^~ l ) = 
3=0 3=0 

k-l k-l 

= T / +1 a ^ fe ~ J ~ 1 - Yl T } A = T f - ( 4 - 5 ) 

3=0 3=0 

We shall now use the following integration by part property which will be proved separetely. 
Fact: for < j < k, 

[ log||J F || G dd c g F ATj Aw* -3 ' -1 = [ g F dd c \og \\ J F \\ G A Tj A w*^'" 1 . 
J F k 1 J F k 1 

This allows us to transform the identity (|4.4|) and get: 

fc-l . 

L(f) + logd = Y^ / 9F dd c \og\\J F \\ G AT j f Au k - ] - 1 + 



3=0' 



+ / log||J F || G uj k . 



k 



Next, by the Poincare-Lelong equation dd c \og \\ J f \\g = [Cf] — (k + l)(d— 1)1/ , we obtain: 

k-l . 

L{f)+\ogd = Y j 9f Tt A uj k ~-'~ 1 A [C/]— (4.6) 

3=0 Jpk 
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-(fe + l)(d-l) V f g F T] +l A^- 1 + I \og\\ J F \\ G LO k . 

Finally, as | \\g = e~^ k+1 ^ d ~ 1 ^ 9F \\ ||o, we may replace the last integral in (J4.6|) by 
/pfe log | \Jf\ lo^ — (k + l)(d — 1) f pk qf uJ k and this immediately yields to the expected 
formula. O 

It remains to establish the Fact. We shall proceed by regularization and use the 
following lemma. 

Lemma 4.2 Let {</> n }neN* be a decreasing sequence of increasing smooth convex functions 
on R. such that: 

(i) <f) n (x) = -n, on ] - oo, -n - ±] 
(ii) 4> n (x) = x, on ] - n + +oo[ 

Let log n x be defined by log n x := 4> n (\ogx). Then {log n 1 1 Jp| |o}neN* is a decreasing se- 
quence of smooth functions, which converges to log ||Jf||o. Moreover 
dd c \og n \\J f \\q + (k + l)(d- l)u > for all n G N*. 

The proof is a straightforward computation and we omit it. 

Proof of the Fact . Using the relation || ||g f = e~^ k+1 ^ d ^ 9F \\ ||o, we get: 

/ log||Jp|| G dd c g F ATj f\ui k - j ~ l = 

Jpk J 

= [ log||Jp|| dd c g F f\T j f Auj^- 1 - (k + l)(d-l) [ g F dd c g F A T k A J 1 -*' 1 . 
J P k J Jpk 

Lemma 14 . 2 1 allows us to use monotone convergence theorem ( |27j Theorem A. 6. 2), thus 
I log ||J>||o dd c g F ATj Aw H ^ = lim / log n 1 1 J F \ | dd c g F A Tj A w*-'- 1 = 

Jpk J n^oojpk 

= lim / g F d(f log n 1 1 J F | | o ATj Au^ 3 ' 1 = [ g F dd c log 1 1 J F \ | A Tj A 

" x J\" Jpk 



□ 

Our aim now is to compute dd c L(f\) when {/a}agx is a holomorphic family of endo- 
morphisms of P fc . We need the following technical Proposition which will be proved in 
the Appendix. 

Proposition 4.3 Let X m — ; > Y n be a holomorphic submersion between complex mani- 
folds. If R is a current on X, for y £Y the slice (if it exists) of R along the fiber ir~ 1 (y) 
is denoted by R y . Let u\, ■ ■ ■ , Uh be almost plurisubharmonic, locally bounded functions on 
X and T be a positive, closed (k,k)-current on X, with h + k < m — n. Thus, for a.e. 

(u\dd c u 2 A • • • A dd c u h A T) y = 
= u^-i^dd ^^-!^)) A • • • A dd c (u hl7T -i {y) ) A T y . 
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Let us recall that, for a (k, fc)-current R on X, slicing is characterized (for a.e. y S Y) by 
the following identity: 



RAipAir*<j)= / (/ R y Ai*Jj)<f) (4.7) 
X JY Jk- 1 ^) 

for every smooth (n, n)-form (j) on Y and for every smooth and compactly supported 
(m — n — k,m — n — /c)-form tp on X (here i y : ir^ 1 (y) — » X is the inclusion.) 

By Theorem L(/ A ) + logd = H(F\) - (k + l)(d-l)B(F x ). We first compute cM c #: 

Proposition 4.4 Lei {/aIagX a holomorphic family of endomorphisms ofP k such that 
there is a holomorphic lift {F\}\^x to C k+l . Then 

dd c H(F x ) = p*{(dd c g Fx + Lo) k A [C x ]) 

where Cx is the hypersurface of X x P k defined by the equation detFUz) = and 
p : X x P k —* X is the canonical projection. 

Remark. dd c gF x involves derivatives in both A G X and z G P k ■ 

Proof. Let g = dimcX, for a (g — 1, q — l)-form </> with compact support on X we have 
< dd c H, cj>>= I (f g Fx (Y^{dd c g Fx + urf A w*"^ 1 ) A [C/J) dd 1 ^ + 

7x ./p* ^ 



+ / ( / log||J F J| ^) dd c 0. 



Since [C/-J is the slice of [Cx] (see j^H] (10-4)), by means of the Proposition 14.31 the first 
integral is 

„ fc-i 

/ p*(/> A dd c g Fx A (T{dd c g Fx + erf A w*^'" 1 ) A [C x ]. 

By Poincare - Lelong formula [Cx] = dd c log | |J^ A | |o + (k + l)(d — l)u> one sees that 
log||Ji? A ||o is almost plurisubharmonic and therefore locally summable. Thus the second 
integral is 

p*4> A dd c log 1 1 J Fx 1 1 A uj k = 

XxP k 



A/A [C x ] - (& + l)(d - 1) / p> A cu A 

XxP fc JXxP k 

But = on X x P fc and therefore, after summing up, we obtain: 

<dd c H,4>>= j p*cf> A {dd c g Fx + ojf =< {dd c g Fx + oof A [C x ],P*</> > 



o 



Now we can also extend Theorem 13. 21 to the /c-dimensional case. We shall use the same 

^2 
A ' 



device, that is to compare formulas for F\ and F?. 
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Theorem 4.5 The function B(F) is pluriharmonic on 7i c i(C k+1 ) . 
Proof. Let us start with a claim : 

Claim: H(F) is p.s.h. on H d (C k+1 ) and dd c H (F 2 ) = 2dd c H (F) . 

Proof of the Claim . Let X := TL d {C k+1 ), the projection X 3 F i-» / G Wd(P fc ) defines a 
holomorphic family {/}_FeX and the plurisubharmonicity follows from Proposition 14,41 

Let Cx be as above and denote by C' x the analogous critical set of the family {f 2 }Fex- 
Considering the map $ : X x P fc — > X x P fc defined by z) := (F,f(z)), we get 

[Cj r ] = [C7 Y ] + **[Cx]. 

As -F 2 and i* 1 have the same Green function gp, Proposition 14,41 gives 

dd c H{F 2 ) = p* ((defy*. + u) k A [C^]) . 
From Gf o F = d.Gp, it follows <S>*(dd c gF + u) = d.(dd c g F + u>), thus 

dd c H(F 2 ) = p» ((dd^ + w) fc A [C x ]) + i-p*<T ((dd c <? F + A [C x ]) ■ 
But p o $ = j>, thus p* = p*<3?*; moreover = d k id, thus 

^p*$* ((drf^ + u) k A [Cx]) = P* ((dd c <? F + A [C x ]) , 
therefore dd c H(F 2 ) = 2dd c H(F). O 
End of the proof of Theorem 14.51 Since L(F 2 ) = 2L(F) we have 

dd c L{F 2 ) = 2dd c L{F) = 2(dd c H(F) — (k + l)(d - l)dd c B{F)) 
on the other hand, since B(F 2 ) = B(F), we may use the Claim and get: 
dd c L(F 2 ) = dd c H{F 2 ) — (k + l)(d 2 - l)dd c B(F 2 ) = 

= 2dd c H{F) - (k + l)(d 2 - l)dd c B(F). 
By comparison we get (d — l) 2 dd c B(f) = 0, thus B is pluriharmonic on 7i d {C k+1 ). □ 

Corollary 4.6 Let {fx}xex be o, holomorphic family of endomorphisms ofP k with alge- 
braic degree d > 2. Then 

dd c L(f x ) = p*((dd c g Fx + u;) k A [C x \) 

and on X x P fc 

{dd c g Fx + uj) k+1 = 0. 
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Remark 4.7 As we have already noted, the operator dd c in the above formula involves 
derivatives in both A £ X and z G P k ; thus the current T := dd c g Fx + oj is different from 
the Green current. The current T depends only on the family {/a} and not on the local 
lift {Fx}; moreover it is positive on X x P fc since G Fx {z) is p.s.h. on X x (C fe+1 \ {0}) 
(see Proposition I1.2J) . Using this current we may express the formulas of Corollary 14.61 in 
a synthetic way and avoid any reference to the lift {F\}, which in general is only defined 
locally: 

dd c L(f x )=p*(f k A[C x }) 

and 

rpk+l _ Q 

Proof of Corollary 14.61 From Proposition 14.41 and Theorem 14.51 we get the first statement. 

We argue as in the proof of Proposition 14.41 (using again Proposition 14. H|) ; choosing 
an open subset V C X such that there is a holomorphic family of lifts {F\}\eV > we have 

k 

< dd c B, <f) >= J ( J g Fx (J2(dd c g Fx + u) j A uj k ~ J )^dd c (f) = 

= f p*(0) A cfcf^ A ( V(Af + A w*^') . 
Then, as in (|4.5|) we get 

< Af £?, 4> >= f p*(<j>) A (f k+1 - oj k+1 ) =< p*(f k+1 ), >, 

because to k+l vanishes. Finally, since dd c B = and T is positive, we get T k+1 = 0. □ 

By Theorem 14.51 the function B is pluriharmonic: this suggests the existence of a 
simpler analytic expression for B, as indeed Proposition 14.91 states. Since B is defined 
by means of dynamical quantities, this result seems of some interest. We shall need the 
following lemma. 

Lemma 4.8 H 1 (H d {P k )\ R) = 0. 

Proof. The Fubini-Study form u generates H 2N ~ 2 (P N ; R) and (t*(c < ; JV ~ 1 ), S d ) = 
= J Sd lu n _1 = vol(T< d ) 0, where t : — > P w is the inclusion; therefore the map 

R = H 2N ~ 2 (P N ; R) — ► H 2N ~ 2 (Ti d ; R) = R is an isomorphism. Hence, from the exact 
sequence 

H 2N ~ 2 (P N ; R) ^> ^ 2Ar - 2 (S d ; R) - iJ 2JV_1 (P Ar , S^; R) -> ^^(P^; R) = 0, 

it follows that H 2N ' 1 (P N , S d ; R) = 0. 

Observe that Ti d is an euclidean neighbourhood retract (see Prop. IV. 8. 2, 
VIII.6.12, VIII.7.2) thus W {P N ,Z d ;TL) = H 2N -j(P N \ S d ;R). In particular 
= JZ^-^ptf.EdjR) = H!(P N \ S d ;R) and then also its dual space H l (P N \ £ d ;R) 
vanishes. O 

Now we can establish: 
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Proposition 4.9 There exists a constant C^k such that, \/F G 7i d (C k+1 ) , 

B{F) = d k (d-l) l °s\Res(F)\+C d , k . 

Proof. If a G C \ {0}, then <jr ^ = log |a| + <?i?; moreover since J* pfc A to k ~i = 1 we 
have 

B(aF) = ^j- log |a|+ B(F). 

The polynomial Res(F) is homogeneous of degree (k + thus the function 

d k (d - l)B(F) - log\Res(F)\ is homo geneous of degree and defines a pluriharmonic 
function <I> : H d (P k ) — * R such that 

VF £H d (C k+1 ), <S>oit(F) = d k (d- l)B(F) - log\Res(F)\. 

Let V7i be the sheaf of pluriharmonic functions, by means of Lemma 14.81 from the exact 
sequence -> R -U O H VH -» we get that H (H d (P k ),O) % H°(H d (P k ),VH) is 
surjective; therefore there exists a holomorphic function <p on H d (P k ) such that Re(ip) = $. 
Setting ip := e^ , we obtain 

log \i/>\ = $ onW d (P fc ). 

Using Remark 11.31 one sees that -B is bounded from above on K, n for every 

compact /C C C w+1 . It follows that Res(F).ijj(7r(F)) is locally bounded and thus can be 
extended to a holomorphic function \ on C^" 1 " 1 . But \ ls clearly homogeneous with the 
same degree as Res(F), thus x is a polynomial on C^" 1 " 1 and ^ is a constant. O 



Proposition 4.10 The constant C d k does not depend on d, indeed 



C ^ = - 2 ( k + — +-+l^- 1 +- k )- 



Proof. See Appendix. 



Remark 4.11 In the one-dimensional case Propositions 14.91 and 14. 101 give a new proof of 
DeMarco's formula (see (Hj Corollary 1.6) since 

J g F (j* f + u>) = ±Qog\Re8(F)\-l). 
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5 The bifurcation currents 



In this section, we associate to any holomorphic family {/a}agx m ^(P 1 ) a collection 
of bifurcation currents (dd c L(f\)) p where 1 < p < dim^X. Our main goal is to give a 
rather precise description of their supports and, more precisely, to compare them with the 
hypersurfaces consisting of mappings having neutral cycles. The extremal cases p = 1 and 
p = 2d — 2 are of special interest. For p = 1, we partially recover Mahe-Sad-Sullivan work. 
For p = 2d — 2, our description will become significant in the last section when introducing 
a bifurcation measure on the moduli space Aid- Let us notice that we shall proceed by 
induction on p. 

In order to state the results we must precise a few notations. 

Definition 5.1 We will consider a holomorphic family {f\}\£x of elements of W^P 1 ) 
parametrized by an arbitrary complex manifold X. We set D := 2d — 2 and denote by 
L(A) the p.s.h. function on X defined by L{X) := L(f\). Next we introduce the following 
subsets of X : 

1Z := {Ao £ X; the repulsive cycles of sufficiently high period of f\ move holomor- 
phically on a fixed neighbourhood Uq of Ao}, 

S := {Ao 6l;A-> f\(Pf\) ^ s equicontinuous at Ao}, 

Per(X,n,e 2lnS ) := {Ao £ X;f\ has a cycle of period n and multiplier e 2lnS } , where 
0€]O,1[. 

It may happen that Per(X, n,e 2i7Td ) is empty or coincides with X; otherwise it is 
a hypersurface of X. The union of the irreducible components of codimension 1 of 
Per(X,n, e 2t7rS ) will be denoted by Peri(X, n, e 2 ). For any dense subset E of ]0, 1[, 
we set 

Z 1 (X,E)= |J P e n(X,n,e 2 ^) 

nGN* fi&E 

Let us recall that the set 1Z has been implicitly considered in Theorem 12 .21 . which may be 
stated as TZ(lSupp(dd c L) = 0. Note also that, in the definition of S, the maps A — > f\(Cf x ) 
are considered as finitely valued holomorphic maps from X to P 1 . 

Our description of Supp(dd c L) contains a substantial part of Mahe-Sad- Sullivan theory 
(see ^Hl)- The originality here relies on the potential-theoretic nature of our proof. 

Theorem 5.2 Let E be a dense subset o/]0, 1[. Let {/a}agx be a holomorphic family of 
rational maps of degree d on P 1 . Then 

Zi(X, E)=U C = Supp{dd c L) = S c . 

Let us briefly sketch the proof before entering into details. The inclusion S c C 
Supp(dd c L) is a consequence of Corollary 13.31 and was already observed by DeMarco 
( 9 , Theorem 1.1). The inclusion Supp(dd c L) C 1Z C was proved in Theorem 12.21 fwe re- 
call that the main ingredient was the equidistribution of repulsive cycles). The inclusions 
1Z C C Zi(X,E) C S c are classical since Mahe-Mad-Sullivan work. Their proofs, which we 
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reproduce here for sake of completeness, only use the elementary fact that any attractive 
basin contains at least a critical point. 

S c C Supp(dd c L): Let £1 be an open ball in X on which L is pluriharmonic; we have to 

show that Hc5. Shrinking Vt if necessary, we find a D-valued holomorphic map A i— > Cf x 
from $7 to C 2 \ {0} such that ir o CV = Cj A , and an analytic subset j4 of O such that 
Cj x = {ci(A), . . . , C£)(A)} where the Cj(A) are holomorphic maps on SI \ A. 
The product n(z A c~j(X)) is a well defined D-homogeneous polynomial on C 2 whose co- 
efficients are bounded holomorphic functions on 0, \ A. It therefore coincides with the 
restriction of a polynomial H with holomorphic coefficients on Q. Moreover, as H is ob- 
viously proportional to detF x , there exists a non- vanishing holomorphic function ip on f2 
such that H = ip(X)detF' x . Thus, after replacing cj(X) by ((/?(A)) 1//Z) Cj(A), we may assume 
that 

H = Tl(z A Cj(A)) = detF' x ; Vz £ C 2 , VA G S7. (5.1) 

In the same way, we may construct a sequence of L>-homogeneous polynomials H n of the 
form 

H n := h(X)- dn U(z A F%(cj(\))) (5.2) 

where h is a non-vanishing holomorphic function on Q. We will see that for a good 
choice of h the coefficients of H n are uniformly bounded holomorphic functions on Q. As 
7r({H n (X, .) = 0}) = fx(C fx ), this implies that C S. 

Let us to construct h. Since dd c L = on S7, it follows from (|5,1|) and Corollary 13.31 that 
the function Ylf=i G \(cj (\)) is pluriharmonic on Q \ A. As it is continuous on Q, it is 
actually pluriharmonic on £1 and therefore coincides with log |/i(A)| for some non- vanishing 
holomorphic function h. 

It remains to show that the coefficients of H n are uniformly bounded, for this choice of 
h. Let us consider an arbitrarily small ball B contained in f2 \ A. We will show that, for 
all A e B, one has H n (X,z) = e~ tdn(>B U{z A A,(A)) where 9 B £ R and Aj(X) G {G A = 
0}. The conclusion will follow since U\£q{G\ = 0} CC C 2 . As each term in the sum 
^2j ) = iG\(cj(X)) is p.s.h. on B, there are D non-vanishing holomorphic functions hj such 
that G\(cj(X)) = log\hj\. Thus log|/t| = logII|/ij| and /i = e ieB Uhj for some fffi £ R. 
Then, for any X € B, we get from (j5.2|) : 

H n (X, z) = e-^U (h 3 (X)- dn z A F A "(c,(A)) = e^-n A F™ (^)) • 

It finally suffices to set ^4j(A) := since, as desired, we have G\(Aj(X)) = G\(5j(X)) — 
log | hj (A) | = 0. 

Supp(dd c L) C 7?. c : this is given by Theorem 12.21 

1Z C C Zi(X,E): we shall use the following Lemma (0, Lemma VII. 5). 

Lemma 5.3 Let zq 6 P 1 k a repulsive fixed point of (no being the period of the 
associated cycle) and B be a ball centered at Xq in X. Let z(X) be a holomorphic map 
defined on some neighbourhood of Ao in X such that z(Xo) = zq and, for every X, z(X) is 
a repulsive fixed point of f™° (the points z(X) are given by the implicit function theorem). 
Then: either 
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i) z(X) holomorphically extends to B and z(X) is a repulsive fixed point of /"° which 
belongs to a cycle of period uq, for every A £ B, 

or 

ii) z(X) holomorphically extends to a neighbourhood of some path 7 joining Ao to X\ 
in B and z{X\) is an attracting fixed point of /"° . In particular, there are infinitely 
many values of A' such that z(X') is a neutral fixed point of fVf and the set of 
corresponding multiplier s contains an open subset of S 1 . Again every z(X) belongs 
to a cycle of period no . 

If Ao £ Tt c then, using the above lemma, we may find a non stationary sequence Xk — > Ao 
such that f\ k has a neutral cycle of period n& and a multiplier e 2 k with 9^ £ E . Since 
by Fatou theorem f\ has at most 6d — 6 non-repulsive cycles, all but a finite number of 
Per(X, n k , e 2i7r6k ) differ from X, this shows that A £ ~Z\[X, E). 

Z\{X, E) C S c : we proceed by contradiction. Let Ao £ Z\{X, E) and B an open ball in 
X such that A £ B C S. Let n £ N* and 9 £ E such that B n Pen(X, n , e 2i7T °°) / 0. 
On a small ball B' C B centered at some point Ai £ Per± (X, uq, e 2lne ° ) there exists a 
holomorphic map z(X) such that f?°(z(X)) = z(X). Moreover, as the multiplier of /"° 
at z(X) is not constant near Ai (otherwise Per(X,nQ, e 2m8 °) would coincide with X), we 
may find A2,A3 £ B' such that z(X2) (resp. z(Xs)) is attractive (resp. repulsive) for /"° 
(resp. /"°)- As the basin of /"° at ^(A2) contains a critical point, there exists < io < uq 

such that the sequence d[z(X), f^ n °~ M) (Cf x )] is converging to around A2. Then, since 
B' C B C S, d[z(X), fx n °~ M) (Cf x )] actually converges to in B' which is impossible 
because z{X^) is repulsive. O 

Remark 5.4 Two fundamental facts in Mahe-Sad-Sullivan theory are the density of 1Z 
in X and the emerging concept of hyperbolic component: two elements lying in the same 
connected component of 1Z are either both hyperbolic or both non-hyperbolic. This plays 
an important role in the approach of Fatou's conjecture on the density of hyperbolic 
rational maps. It turns out that these facts may be established by mean of elementary 
arguments similar to those used in the last steps of the proof of Theorem 15.21 

We now aim to generalize Theorem 15. 21 to the case of powers (dd c L) p . To this purpose 
we have to discuss the intersection of p hypersurfaces Peri(X, n, e 2lne ). For any N p := 
(m, ...,n p )e (N*) p and Q p := (6>i, ...,6 P ) £ EP we define 

Per{X, N p , e 2ine ?) := Per(X, ni ,e 2i7Tdl ) n • ■ ■ D Per{X, n v , e 2tTdp ). 

As previously, Per p (X, N p , e 2l7r ®p) denotes the union of all the codimension p, irreducible 
components of Per(X, N p , e 2lnep ). We then set: 

Z V (X,E):= |J Per v (X,N v ,e 2m ®v). 

Our generalization may be stated as follows. 
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Theorem 5.5 Let E be a dense subset of]0, 1[. Let {f\}\ex be a holomorphic family of 
rational maps of degree d on P 1 . Then for any 1 < p < dim^X: 

Supp{dd c L) p CZ P (X,E). 

Proof. We proceed by induction on p. Let us call (TC) P the following assertion: 

(T~C) p : For any complex manifold X of dimension n > p and any holomorphic family 
{f\}\€X parametrized by X we have Supp(dd c L) p £ Z p (X,E). 

According to Theorem 15,21 (H.)-\ is true. Let us show that (Tt) p implies (Ti)p + %. To 
this end we shall combine the following fact with (TC)i- 

Fact: Assume that (Tt) p is true. Let U be an open set in C n (n > p) and {f\}\£U 
be a holomorphic family. If L(f\) is pluriharmonic on every Per p {U,N p ,e 2i7T&p ) then 
(dd c L) p+1 = on U. 

This fact, which is actually the heart of our proof, will be established later. It is useful 
to remark that a continuous function on an analytic set Y is p.s.h. if and only if it is 
p.s.h. on the set of regular points of Y (see {BJ, Theorem 1.7). We also recall that L is 
continuous (see Corollary E3J • 

Let us consider a holomorphic family {/aIagx and Ao £ Supp(dd c L) p+1 . Pick an 
arbitrarily small open set U such that Ao £ U. We have to show that Z p+ i(X, E)(~)U ^ 0. 
We may identify U with an open set of C n . According to the above fact, there exist 
N p £ (N*) p and Q p £ E p such that L is not pluriharmonic on Per p (U, N p , e 2i7r6,p ). This 
implies the existence of some regular curve F contained in Per p (U, N p , e 2l7T ® p ) such that 
dd c (L\r) does not vanish. Thus, Theorem 15.21 applied to the family {f\}\£r guarantees 
the existence of some Peri(T,n p+ i,e 2tn0p+1 ), 9 p+ \ £ E. Let N p+ \ := (N. p ,n p+ i) and 
e p+ i := (e p ,0 p+1 ); since Per p+1 (U, N p+1 , e 2i7re f +1 ) C Z p+1 (X,E) n U, it is enough to 
observe that Per p+ i(U, N p+i , e 2ine p +1 ) / 0. O 

Proof of the fact : By an elementary slicing argument, the positive current (dd c L) p+1 van- 
ishes identically on U as soon as the positive measures obtained by restriction on the 
(p + l)-dimensional affine subspaces vanish. Let S be the intersection of U with such an 
affine subspace of C n and set Lq := L15, n$ := (dd c Lo) p+l . We have to show that for 
every euclidean, (p + l)-dimensional, open ball B CC S, the measure fiQ vanishes on ^B. 

To this end, we introduce the solution Lq of the Dirichlet-Monge- Ampere problem with 
datum Lq on bB. The function Lq is continuous on B, coincides with Lq on bB and is 
p.s.h. maximal on B (see (J). By maximality, Lq > Lq on B. We also consider the set 
S e £ \B where Lq and Lq are e-close: 

S £ := {0 < Lq - Lq < e} n 
A theorem of Briend-Duval (see |Hj or |23| Theorem A. 10. 2) states that 

M^e) < Ce 
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where the constant C depends only on Lq and B. It thus suffices to show that Supp(fio) n 
\B C S e for any e > 0. 

The set Z P {S, E) is an union of complex curves in S. Let A be one of these curves, then 
A is a component of Per p (S, N p , e 2l7T& p) and is therefore contained in SnPer p (U, N p , e 2j7re> p); 
since S is an affine subspace this is easy to check on the regular part of A. Thus the function 
L = Lq is, by assumption, harmonic on A fl B. The function Lq — Lq is thus subharmonic 
on AdB and, by the maximum principle, vanishes identically. Therefore Lq — Lq vanishes 
on Z p (S,E)nB. 

Of course Supp(fj,Q) C Supp(dd c Lo) p and, as (T~t p ) is supposed be true, 
Supp{dd c Lo) p C Z P (S,E). Thus Lq — Lq vanishes on Supp(fj,o) n \B, which is, there- 
fore, contained in S £ . O 



6 The bifurcation measure 

In this section we define the bifurcation measure \x on the moduli space Aid of rational 
maps P 1 — ► P 1 and we establish some basic results about it. Although the section is 
mainly devoted to the one-dimensional case, the fact that the bifurcation currents {dd c L) p 
have finite mass on Tid will be established in any dimension, that is in 7id(P k )- 

The group PSL{2, C) of Mobius transformations acts on the space TLdi^P 1 ) by con- 
jugation. Two conjugated rational functions /i,/2 £ Hd(P 1 ) have the same dynamics, 
therefore in order to study the stability of holomorphic families of rational functions, one 
considers, instead of ^(P 1 ), the moduli space Aid '■= ^(P 1 )/PS'L(2, C). 

Remark 6.1 The moduli space Aid is a normal, quasi-projective variety (see [2B1; Remark 
p. 43); the proof requires some effort because PSL(2, C) is not compact and its action on 
TidiP 1 ) i s n °t f ree (indeed there is some / £ TtdiP 1 ) whose isotropy group Aut(f) := 
{(p £ PSL(2, C); (p~ x o / o cp = /} is not trivial). Here we recall some useful facts about 
Ai d : 

(i) the canonical projection U : TLd(P l ) — ► Aid is open; 

(ii) for all f £ TidiP 1 ), the isotropy group Aut(f) is finite and locally there is a complex 
submanifold V , invariant by the action of Aut(f), transverse at f to the orbit of f, 
such that II(V) is open in Aid and the canonical projection II induces a biholomor- 
phism V/Aut(f) -> U(V); 

(iii) the set of all f £ TLd(P l ) such that Aut(f) ^ {idpi} is an analytic subset Z of 
HdiP 1 ) and Smg(Md) C H(Z). 

(In general Sing(7W(i) ^ n(Z), e.g. Ai2 = C 2 is smooth, and H(Z) is a cubic curve of 
C 2 = M2 (see j2Q], Corollary 5.3). But, for d > 2, Aid has singular points). It follows 
that if / g Z, then PSL(2; C) x V ~ IT^n^)), therefore 

(iv) ^(P 1 ) \ Z — > Aid \ n(Z) is a principal bundle. 
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Since dime PSL(2, C) = 3 and all isotropy groups Aut(f) are finite, hence each orbit is 
a complex 3-fold and dime -M-d = dime W^P 1 ) — 3 = 2{d — 1). The Lyapunov exponent 
L(f), f G TLd(P l ), which is invariant under the action of PSL(2,C), is constant on the 
orbits and, if p > 2{d — 1), the current (dd c L) p vanishes identically on "^(P 1 ). Therefore 
in order to define a measure by means of Monge- Ampere operator on L, it is necessary to 
consider the function L : Aid — > R induced from Ti^P 1 ) R. 

Proposition 6.2 The function L is continuous, bounded from below and p.s.h. on Aid- 

Proof. By |24| . L is bounded from below. Using Corollary 13.41 it is enough to notice that, 
by means of Remark Ifi.ll (iv), L is p.s.h. on Aid \ n(Z) and thus (see |0j, Theorem 1.7) 
on the whole Aid- d 

Now the currents (dd c L) p , 1 < p < 2{d — 1), are well defined on Aid- In particular, 
the measure \i := (dd c L) 2<yd ~ 1 ^ will be called bifurcation measure. 

Proposition 6.3 The bifurcation measure \x does not vanish identically, in particular any 
non-flexible Lattes map lies in the support of /x. 

Proof. For d > 2 fixed, let fo G "^(P 1 ) be a non-flexible Lattes map (e.g. fo is the map 
associated to an imaginary quadratic number field, see [22] Lemma 5.4), then all Lattes 
maps which belong to a small neighbourhood of fo in W^(P 1 ) are conjugated to fo. Let 
V be a complex submanifold in a neighbourhood of fo as in Eemark 16.11 (ii); since the 
function L(f) takes its minimum value log^/d exactly when / is a Lattes map (see |15| . 
|31|). hence fo is a point of strict minimum for Liy. As dimcV = 2(d — 1) we shall see 
that f Q G Supp{dd c L\ v ) 2 ^ d - l \ i.e. n(/ ) G Supp(fi). For every small, euclidean, open ball 
B C V centered at fo there is a suitable constant c such that L(fo) < c < L(f), for every 
/ G B; so the function Liy — c does not take its minimum on B at the boundary, therefore 
(see Theorem A in [Q) it is not maximal, that is (dd c L\y) 2 ( d ~ 1 ^ does not vanish identically 
on B. O 

In order to see that [i has finite mass (see Proposition l6.6|) we shall show that L extends 
from TCd to the whole projective space across the hypersurface Y,d and that the powers of 
dd c L have finite mass on TLd- Since these results hold for holomorphic maps P fc — > P k , 
k > 1, we believe that it is useful to present them in this more general case. 

First of all let us recall that 7id(C k+1 ) = C N \ S^, see Subsection 11.11 and that from 
(|4.1|) and Proposition 14.91 it follows: 



for every polynomial map F G Ttd(C k+1 ) C C N+1 . 

Proposition 6.4 The function H extends from Ttd(C k+1 ) to a p.s.h. function on the 
whole C N+1 and the function L(f) extends from 7id(P k ) to a function Lj oc (P N ). Moreover 
there is a (1, l)-current R, positive and closed on P N such that ir*R = dd c H and 



L{F) = H(F) 



k + 1 

d k 



log\Res(F)\ + est. 



(6.1) 



dd c L = R 



k + 1 

d k 



(6.2) 
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Proof. Let K, C C N+1 be compact, let us check that H is bounded from above on K, n 
H d (C k ). By definition (see flO)) ): 

fl-(F) = / 9 fVt|a A [C>] + / log || J F || uA 

Then, as gp is locally bounded from above (see Remark II. one concludes taking 
into account the following formulas: / P t ^j=o ^ <^ fcj 1 A [Cj] = k deg(Cf) and 
fpfc log | \Jf\ \ou k = = f C k+i log \det(F' (z))\m (Lemma^3J • From this, since H is p. s.h. on 
Wd(C fc+1 ) (see the Claim in the proof of Theorem l4.5|) . it follows that H extends to a p. s.h. 
function on the whole C N+1 . Thus the right hand side of (|6.1f) belongs to Lj oc (C N+1 ) 
and extends L(F) as a O-homogeneous L\ oc function on C N+1 . Thus L(f) is well defined 
on the whole P^. Choosing a holomorphic section U — : > C N+1 \ {0} on an open subset 
U of P N , we get V/ G U, 

L(f) = H(a(f)) - ^±1 log |fle S ((r(/))| + est. (6.3) 

As dd c (H o cr) does not depend on a, it defines a positive, closed current R on such 
that ir*R = dd c H. Then Q follows from (JUSl). O 

The sum L(/) of the Lyapunov exponents is bounded from below (see Theorem 1 in 
0), thus, as in the one-dimensional case, the powers of dd c (L^ d (pN^) are well defined; 
but to show that these currents have finite mass requires some work. 

Proposition 6.5 For 1 < p < N, 

f {dd c Lf A u N - p < oo 

and the trivial extension of (dd c (L^ d )) p to the whole P N is well defined. 

Remark. We recall that, by definition of trivial extension, is the positive, closed, 
(p, p)-current on P N characterized by 

(i) S (p) = (dd c L)P on H d (P k ) 

(ii) XSd-'S'(p) = 0> where xs d is the characteristic function. 

Proof. From (|6.2j) it follows dd c L < R, thus dd c L has finite mass on 7i d (P k ) and its trivial 
extension to P^ is the positive, closed current := (1 — XT, d )R- 

Now we shall argue by induction, assuming that the trivial extension 5( p ) of (dd c (L^ d )) p 
to the whole P^ is well defined (and, of course, positive and closed). There is a smooth, 
closed (1, l)-form a on P^ such that — a = dd c u and, by means of the regulariza- 
tion theorem of Demailly ([7]), there are a sequence {u n } of smooth functions decreas- 
ing to u and a sequence {A n } of continuous functions decreasing to ^(-S'(i), •), such that 
S n := a + dd c u n — > Sn\ and S n + \ n uj > 0. 
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We can estimate the mass of S( p ) A (S n + X n uj) (which is a positive current) as follows: 
\\S {p) A{S n + \ n uj)\\= / S {p) AaAu N - p - 1 + 



+ 



[ 5( p ) A dd c u n A uj N ~ p ~ 1 + / X n S {p) AiO N - p 

JpJV JpN 



Let us look at the right hand side: the first term is constant, the second vanishes. Since 
L (and therefore H) is bounded from below on P N \ = 7id(P k ), the Lelong numbers 
of £*(!) vanish outside X^. Thus A„ decreases to u(S^, -)xT, d , but X£ d <f?(p) = 0, therefore 
^nS'(p) — ► 0. 

This means that A (S n + X n uj) has bounded mass, thus we can assume that it 
converges to a positive current Q. But A \ n uj — ► 0, thus Q is closed. Therefore we can 
set ^(p+i) := (1 - XsJQ- □ 

Coming back to one-dimensional case, we can establish: 
Proposition 6.6 The bifurcation measure \x has finite mass on Aid- 
Proof. Since L is bounded from below, the measure /U does not charge analytic subsets 
thus from Bemark ldll (iv) and the previous Proposition we get: 

fi= [ (dd c L) 2 ^ = 

M d JM d \U(Z) 

(dd c L) 2 ( d -V Alo 3 = [ (dd c L) 2( > d -V A uj 3 < oo. 
H d {V^)\Z JHdiP 1 ) 

o 



Remark 6.7 Since the hypersurfaces Per(7id(P 1 ),n, e 2lnS ) are invariant under the action 
of PSL(2,C), there are no difficulties in order to get, from Theorems 15.21 and 15.51 the 
corresponding statement for L. Actually the following claim holds: Supp(dd c L) = 2i(Md) 
and for 1 < p < 2(d— 1), Supp(dd c L) p C Z p (Aid)- In particular Supp(^) C Z^u-x) {■M-d) 



We say that a point x £ Aid is chaotic if the Julia set of any / £ II 1 (x) is P 1 . 

Proposition 6.8 In any neighbourhood of a point of Supp(fx) there are uncountably many 
chaotic points. 

Proof 1 . Consider {9 £ R; limsup w ^ oc , loglog ^ 1 ^'l 6> — lH < log<i} and use this open dense 
and uncountable subset of R to define E and Z p (7id(P 1 ), E) (see ^ z o is a periodic 

points of / £ Tid^P 1 ) with multiplier e 2l7Td , 9 £ E, then zq is a Cremer point; therefore any 
/ ^ ^2(d-i) (^(P 1 ); E) nas 2(cZ— 1) Cremer points and (see |26j . Corollary 2) is chaotic. 

O 

We would like to thank T.C. Dinh who told us the possibility to use Shishikura's theorem here. 
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7 Examples and applications 



7.1 Geodesies on the space of Kahler metrics 

Let M be a compact Kahler manifold of dimension k with a fixed Kahler metric uj. In 
order to discuss extremal (e.g. Einstein and of constant scalar curvature) Kahler metrics 
it is useful to consider the space H w of Kahler metrics with the same Kahler class of u 
(see e.g. 5 ). It can be thought also as the space of Kahler potentials, that is 

H u := {(p € C°°(M);u) + iddcj) > 0}/ ~ 

where fa ~ fa if and only if fa — fa is a constant. Endowing H u with a suitable metric 
it turns out that H w , as Riemannian manifold, is an infinite dimensional symmetric space 
and there is a (unique) Levi-Civita connection whose curvature is covariant constant (see 
[2S1 and 0). 

For such a connection the equation of geodesic is 

(idd<j) + uo) k+l = (7.1) 

This means that is a smooth real function defined on [0, 1] x M (in this case one 
understands the d operator as the one on the cylinder [0, 1] x S 1 with its natural complex 
structure) or, for complex geodesies, it is more generally defined on X x M where X is 
a Riemann surface. We point out that very few explicit examples of these geodesies are 
known, thus the following remark may have some interest. 

Let M = P fc and uj be the Fubini-Study metric, Corollary 14.61 savs that any holomor- 
phic family {f\}\ex of endomorphisms of P fc defines a "geodesic" 4> := gp x . Of course the 
behaviour of dd c gp x +tu is very far from the desired regularity, but there is at least one case 
in which holomorphic dynamics may give interesting examples: let M = P 1 and {/aIagx 
be a family of flexible Lattes maps (see [22], Ch. 8.3), then the functions gF x '■ P 1 — > R 
are smooth outside a finite set. 

7.2 Attractor s in P 2 

Definition 7.1 Let {/a}agx ^ e an one parameter holomorphic family (i.e. X is an open 
subset of C) of endomorphisms of P fe and let Y be a complex subspace of X x P fc of pure 
dimension q. We shall say that the Green function G\ is maximal on Y if and only if, for 
every holomorphic section P fc D U — —> C k+1 \ {0}, 

(dd c {G x o a)) q = on Y n (X x U). 

Although the Green function depends on the choice of the lift of f\, the definition is well 
posed since dd c (G\ o a) does not depend on the particular family of lifts {F\}\ e \y chosen 
in an open subset W of X. 

With this definition we can give the following formulation of Corollary 14.61 

Proposition 7.2 Let {f\}\<=x be an one parameter holomorphic family of endomorphisms 
of P k . Then G\ is maximal on X x P fc . Moreover G\ is maximal on Cx if and only if 
L(f\) is harmonic. 
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Now we shall apply this Proposition to a particular case. For e G C, consider the rational 
map P 2 — > P 2 defined by 

fe = [P(z, w) : Q(z, w):t d + sR(z, w)\ 

where P, Q, R are homogeneous polynomials of degree d > 2 such that (P, Q) is non 
degenerate and the induced rational function 

f = [P(z,w):Q(z,w)} 

is strictly critically finite. It is useful to consider the line 7£oo := {t = 0} as the line at 
infinity of the complex plane C 2 ~ {[z : w : 1] G P 2 }. If a G Hoo, we shall denote by lZ a 
the line passing through the origin [0:0:1] and a. The map f £ preserves lines through 
the origin and moves them in a chaotic way, since / is chaotic, indeed identifying TZoo with 
P 1 we get f e {K a ) n ftoo = {/(a)}. 

For |e| << 1 the only Fatou component is the superattractive basin of the origin (see 
|12j Lemma 2.1). Moreover for |e| << 1 the map f £ has an attractor A contained in a 
neighbourhood of the line at infinity, which intersect any line passing through the origin 
(ibidem, Lemma 2.2). 

Our aim is to show that, for |e| << 1, the family {f e } is stable in the following sense: 

Proposition 7.3 The function e — * L{f £ ) is harmonic in a neighbourhood of G C. 

Proof. Let X := C and F £ = (P,Q,t d + eR). A simple inspection on F' £ shows that 
Cf e = TZqo U ( U ce c7 TZ C ), thus the critical set does not depend on e and 

C x = (Xx Koo) U ( U ceC/ X x Kc). 

Let c G Cf, then by hypothesis, there exist j, k G N* such that, a := f J (c) and 
f k (a) = a. This means that 1Z a is fixed by /* . Thus we can consider the family as 
a family of endomorphisms of lZ a . From Proposition I7.2I it follows that, for this family, 
the Green function is maximal on X x lZ a . But all the powers of F e have the same Green 
function Gp e . That is, for every section U — > C 3 \{0}, the function Gf e o<t is maximal on 
Xx(UnK a ). Since fi (K c ) = 1Z a and Gp e oaofl = G FE {h.{F 3 e oa')) = d?Gp E ocr' + log \ h\, 
for a suitable section a' and a holomorphic, never vanishing, function h, we get that Gf e 
is maximal on X x 1Z C . 

Now we shall show that choosing V = {\e\ « 1}, the function Gf s is maximal on 
V x IZoc. Let u G IZco ~ P 1 be a periodic point for / (that is fi(TZ u ) = T^-u for some 
j). From the proof of Lemma 2.2 in |12j it follows that there is an open neighbourhood 
W of TZoo in P 2 such that, if |e| << 1, then f e {W) CC W; thus the family {/™(n)} neN 
is a normal in V (as functions of s). Therefore e — > Gp s (a{u)) is harmonic on V. That's 
enough since these points u are dense in IZoq. O 

7.3 The bifurcation measure on M.2 

As we have already recalled the moduli space M.2 of the rational functions of degree 2 
can be identified biholomorphically and in a canonical way with C 2 (see [20 Remark 3.3). 
Such an identification involves the affine structure since, for every rj G C, Per(M.2, L ??) is 
a straight line of C 2 . In particular, the Mandelbrot family {z 2 + c; c G C} coincides with 
the straightline Per(M.2, 1,0) of rational functions with a superattractive fixed point. 
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Proposition 7.4 The Mandelbrot family is disjoint from the support of the bifurcation 
measure [i on M.2- 

Proof. Since every /o G Per(M.2, 1,0) has a superattractive fixed point, there is an open 
subset V, Per(M.2, 1, 0) C V C M.2, such that every f £ V has an attracting fixed point. 

For every f £ M2 the number of attracting or indifferent cycles is < 2 (see |26j . 
Corollary 1), therefore V D 2^(^42, E) = 0. Thus from Theorem 15, 51 it follows that V is 
disjoint from Supp(dd c L) 2 = Supp(fj,). O 

Remark 7.5 Let us point out that it is not necessary to use Shishikura's result. First 
we can assume that if / G V, then the attractive fixed point depends holomorphically on 
/. Consider a holomorphic disc {/a}agA contained in V n Per\(Ai2,n, e 2l7zd ). If L is not 
harmonic on this disc, then from Theorem 15 . 21 there is a holomorphic function z (A) on an 
open disc A' C A such that f™(z(\)) = z(X) and two values Ai,A2 G A' such that z(Xi) 
is repulsive and z(\2) is attractive. Thus f\ 2 has two attracting points, and it is stable in 
M.2- This contradicts the fact that f\ 2 G Peri(M2,n,e 2t7re ) C Supp(dd c L). Therefore L 
is pluriharmonic on every Per\(V, n, e 2lnS ); from the Fact in the proof of Theorem 15. 51 it 
follows that (dd c L) 2 = 0onV. 

Appendix 

Proof of proposition 14.31 

Let u be a locally bounded function on X; using (|4.7|) with R = u, Fubini theorem and 
a suitable partition of the unity, it follows that u y = ui^-i^), for a.e. y G Y. Since T 
is positive and closed, then the slices of T exist (see (10.3)); from (|4.7j) . since slicing 
commutes with the operators d, 5 and d (see [201 (10.4)), it follows that, for a.e. y G Y, 
T y is a current on 7r _1 (y), positive and closed. Thus %T y is well defined. By definition 
dd c u A T = dd c (u A T), thus we shall argue by recurrence and, in order to finish the proof, 
it is enough to show u y T y = (uT) y . 

This obviously holds if u G C°°(X). Fix <p and t/j as in (|4.7|) and let K be a compact 
set such that Supp(ip) C -ftT. For a.e. y £ Y 



and the left hand side is well defined. 

That's all, because this inequality shows that the operator &(u) = 
= f Y ( J*7r-%) Ty A L*(uip))4> can be continuously extended from C°°{X) to L^ C (X). □ 

Proof of Proposition 14.101 

In order to compute the constant Cd,k it is enough to consider a particular F; infact 
if we take ^(^o, . . . , zjS) := (z$, . . . , zf ), then Res(F) = 1 by Proposition 11.11 and, from 




therefore 




UyTy A L*ip)(j)\ <sup|n| \\T\\ K 
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Proposition 14.91 it follows 

C d , k = B(F). (7.2) 

It turns out that 

Gf(z) = log max \zj\. (7-3) 

0<j<k 

Therefore G F and (see (|4.3j) ) B[F) = C^^k do not depend on d. We shall write Ck '■= C^k- 
Now a direct computation of B{F) is possible using (|4.3|) and (|7.3|) . but the following 
proof is more elementary. 

Claim 1: L(F) = (k + 1) log d. 

Proof of Claim 1 . Using 1.4(i) it is enough to compute detF'(z) = d k+1 ZQ . . . z^ 1 and 
remark that Supp(fip) ={z£ C fc+1 ; \zq\ = • • • = \z^\ = 1}. O 

Claim 2: = (k + l)(d - 1) (C k -i - \{l + £ + • • • + \)) + (k + 1) logd 

Proof of Claim 2 . The critical set C/ is the union of the projective hyperplanes H s := 
{z s = 0}, < s < k, more precisely [Cj] = (d — l)2~2^=oi^s]- The restriction F of F 
to the hyperplane {za: = 0} is of the same form: F(zq, . . . , Zk-i) = (zq, . . . , z^_ x ). Hence 
B(F) = C k -x. Now from |OJ) it follows 

/ gpY.TjA^- 1 ^ A[C f ] = (d-l)Y, / ^E T i A ^" 1_i = 
j=0 ^O" 7 ^ j=0 

= (d - l)(k + l)B(F) = (d-l)(k + l)C k -i. (7.4) 

From Lemma 1 1.41 (2) 

k 

/ log\\J F \\ uj k = / \og\detF'\m = (k + l)logd + (d - 1) / log|^|dm, 

and by means of an elementary computation 

/ log||JH«)l|ow fc = (A; + l)logd-(fc + l)(d-l)i(l + i + ... + i). (7.5) 
Jpk 2 2 k 

Putting (fTi )l -l(73 |) in (gUJ we get the Claim. O 

Now putting (|7.2|) and the two claims in (|4.1j) we get 

1 ■». *\ 1 

c fc = c k -i -^IZ"- 

Now to finish it is enough to find C\\ for k = 1 the map .F is given by F(zq, z\) = (zq, zf) 
and in this case (|4. 1|) gives 

L(F) = g F (0 : 1) + g F (l : 0) + I log || J F (z)|| w - 2(d - l)B(F); 

now by Claim 1, L(F) = 21ogd, by (|7.5|) . J pl log || Jp(z)|| u> = 21ogd — (d — 1), and, by 
CZ3D , 5f(0 : 1) = 5f(1 : 0) = 0, thus: 

-1/2 = B(F) = C 1 . 

O 
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